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CONDITIONING OF FINITE ELEMENT EQUATIONS
WITH ARBITRARY ANISOTROPIC MESHES

LENNARD KAMENSKI, WEIZHANG HUANG, AND HONGGUO XU

ABSTRACT. Bounds are developed for the condition number of the linear finite
element equations of an anisotropic diffusion problem with arbitrary meshes.
They depend on three factors. The first factor is proportional to a power
of the number of mesh elements and represents the condition number of the
linear finite element equations for the Laplacian operator on a uniform mesh.
The other two factors arise from the mesh nonuniformity viewed in the Eu-
clidean metric and in the metric defined by the diffusion matrix. The new
bounds reveal that the conditioning of the finite element equations with adap-
tive anisotropic meshes is much better than what is commonly assumed. Di-
agonal scaling for the linear system and its effects on the conditioning are also
studied. It is shown that the Jacobi preconditioning, which is an optimal di-
agonal scaling for a symmetric positive definite sparse matrix, can eliminate
the effects of mesh nonuniformity viewed in the Euclidean metric and reduce
those effects of the mesh viewed in the metric defined by the diffusion matrix.
Tight bounds on the extreme eigenvalues of the stiffness and mass matrices
are obtained. Numerical examples are given.

1. INTRODUCTION

It has been amply demonstrated that significant improvements in accuracy can
be gained when an appropriately chosen anisotropic mesh is used for the numer-
ical solution of problems exhibiting anisotropic features. However, there exists a
general concern in the scientific computing community that an anisotropic mesh,
which can contain elements of large aspect ratio, may lead to ill-conditioned linear
systems and this could outweigh the accuracy and efficiency improvements gained
by anisotropic mesh adaptation. For isotropic mesh adaptation, Bank and Scott [2]
(also see Brenner and Scott [3]) show that after proper diagonal scaling, the con-
dition number of finite element equations with an adaptive mesh is essentially the
same as that for a uniform mesh. Unfortunately, this result does not apply to
anisotropic meshes nor to problems with anisotropic diffusion.

For problems with anisotropic diffusion and arbitrary meshes, several estimates
have been developed for the extreme eigenvalues of the stiffness matrix. For exam-
ple, Fried [7] shows that the largest eigenvalue of the stiffness matrix is bounded by
the largest eigenvalues of element stiffness matrices. Shewchuk [I8] obtains sharp
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2 L. KAMENSKI, W. HUANG, AND H. XU

bounds on the largest eigenvalues of element stiffness matrices for linear triangular
and tetrahedral finite elements. More recently, Du et al. [5] developed a bound that
can be viewed as a generalization of Shewchuk’s result to general dimensions and
simplicial finite elements.

Estimation of the smallest eigenvalue for the general case appears to be more
challenging. Standard estimates (e.g., see Ern and Guermond [6]) are linearly pro-
portional to the volume of the smallest mesh element, which is typically too pes-
simistic for nonuniform meshes. Moreover, Apel [I, Sect. 4.3.3] shows that the
order of the smallest eigenvalue of the stiffness matrix for a specific, specially de-
signed anisotropic mesh is the same as for a uniform mesh. As a matter of fact,
adaptive meshes based on the coefficients of partial differential equations (PDEs)
can even improve the conditioning for PDEs with anisotropic diffusion coefficients,
as observed by D’Azavedo et al. [4] and Shewchuk [I8] Sect. 3.2]. A noticeable
approach for obtaining sharper bounds for the smallest eigenvalue is proposed by
Fried [7]. The approach employs a continuous generalized eigenvalue problem with
an auxiliary density function and its key is to find a lower bound for the smallest
eigenvalue of the continuous problem. Bounds for the smallest eigenvalue of the
stiffness matrix obtained with Fried’s approach are valid for general meshes in any
dimension but in d > 3 dimensions they are less sharp than those obtained in this
paper.

The objective of this paper is threefold. First, we develop tight bounds on the
extreme eigenvalues and the condition number of the stiffness matrix for a general
diffusion problem with an arbitrary anisotropic mesh. No assumption on the shape
or size of mesh elements is made in the development. Our upper bound on the
largest eigenvalue can also be expressed in terms of mesh nonuniformity viewed in
the metric tensor defined by the diffusion matrix (which will hereafter be referred
to as the mesh D-nonuniformity). It is comparable to those of Shewchuk [I8] and
Du et al. [5] but is expressed as a sum of patchwise terms instead of elementwise
terms as in the aforementioned references. The patchwise nature gives a sharper
bound and makes it more convenient to use in the development of diagonal scaling
preconditioners. To obtain lower bounds for the smallest eigenvalue of the stiffness
matrix we extend Bank and Scott’s result [2] to arbitrary meshes. This generaliza-
tion is not trivial and special effort has to be made to deal with the arbitrariness
of the mesh. Along the way we establish anisotropic upper and lower bounds on
the extreme eigenvalues of the mass matrix which are much tighter than estimates
available in the literature.

The second objective of the paper is to provide a clear geometric interpretation
for the obtained bounds on the condition number of the stiffness matrix. These
bounds are shown to depend on three factors. The first factor is proportional to a
power of the number of mesh elements and represents the condition number of the
stiffness matrix for the linear finite element approximation of the Laplacian operator
on a uniform mesh. The other two factors arise from the mesh nonuniformity in
volume measured in the Euclidean metric (which will be referred to as the mesh
volume-nonuniformity) and from the mesh D-nonuniformity.

The third objective is to study diagonal scaling for the finite element linear sys-
tem and its effects on the conditioning. We focus on the scaling with the diagonal
entries of the matrix (Jacobi preconditioning) since it is an optimal diagonal scaling
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for a symmetric positive definite sparse matrix [I0, Corollary 7.6 and the follow-
ing]. We show that the Jacobi preconditioning can eliminate the effects of the mesh
volume-nonuniformity and improve those caused by the mesh D-nonuniformity, thus
significantly reducing the effects of the mesh irregularity on the conditioning. From
the practical point of view, this result indicates that a simple diagonal precondi-
tioning can effectively transform the stiffness matrix into a matrix which has a
comparable condition number as the one with a uniform mesh.

The outline of the paper is as follows. Section [ briefly describes a linear finite
element discretization of a general anisotropic diffusion problem. Estimation of
the extreme eigenvalues and the condition number of the mass matrix is given
in Section Section [ deals with the estimation of the largest eigenvalue of the
stiffness matrix. Bounds on the smallest eigenvalue and the condition number of the
stiffness matrix and the effects of diagonal scaling are investigated in Section Bl A
selection of examples in Section [B provides a numerical validation for the theoretical
findings. Finally, conclusions and further remarks are given in Section [7

2. LINEAR FINITE ELEMENT APPROXIMATION

We consider the boundary value problem (BVP) of a general diffusion differential
equation in the form

O {—V-(]D)Vu) —f, inQ,

u =0, on 092,

where ) is a simply connected polygonal or polyhedral domain in R? (d > 1) and
D = D(«) is the diffusion matrix. We assume that D is symmetric and positive
definite and there exist two positive constants, dyi, and dpayx, such that

(2) dmind < D(@) < dmax], Vo € O,

where the less-than-or-equal sign means that the difference between the right-hand
side and left-hand side terms is positive semidefinite.

We are interested in the linear finite element solution of BVP (). Assume that
an affine family {7} of simplicial decompositions of Q is given and denote the
associated linear finite element space by V" < H(Q). A linear finite element
solution uy, € V" to BVP () is defined by

/Vvh~DVuhdm:/fvhdm, Yo, € VI
Q Q

or
> / Vop - DVup do = / fopdz, Yo, € VI
KeT, VK KeT, 7K
Since both Vuy and Vvy, are constant on K, we can rewrite the above equation as
(3) > K| Vo, - DgVu, = > / fonde, Yo, € V",
KeT, KeT, 'K

where D is the integral average of D over K, i.e.,
1
(4) Dg = —/ D(x) dex.
K| Jk

In practice, the integrals in @) and () have to be approximated numerically via a
quadrature rule. Although this will change the definition of Dg and the right-hand
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side term of (@) slightly, the procedure and the results in this paper will remain
valid for this situation.

Finite element equation (B) can be expressed in a matrix form. Denoting the
numbers of elements and interior vertices of 7;, by N and N,; and assuming that
the vertices are ordered in such a way that the first IV,; vertices are the interior
vertices, we have

Vh = span{¢1, ey ¢Nvi}7
J

where ¢; is the linear basis function associated with the J™® vertex. In (B) and
hereafter, we use the sum j with the index j ranging over all interior vertices,
ie.,

J Jj=
Substituting (@) into @) and taking vy, = ¢; (i = 1,...,N,;), we obtain the
linear algebraic system

—

Au = f,
where u = [ug, ..., uNm.]T and the stiffness matrix A and the right-hand side term
f are given by
(6) Aij= > K| Vil - Dk V,k, i,j=1,..., Ny,
KeTy
fi: Z/f¢ldw7 izla"wNv’h
KeT, 7K

and V¢;|x and V¢,|k denote the restriction of V¢; and V¢, on K. Our main goal
is to estimate the condition number of stiffness matrix A.

3. MASS MATRIX

To start with, we consider the element mass matrix B for the reference element
K (which is assumed to be unitary, i.e., |K| = 1),

~ 1+5ij

B = (By; B = bidide = ——— 9 g =1,...,d+1
( l])y (] \/I<A(¢’L¢j € (d+1)(d+2), 7’7] I ) + )
where g@i’s are the linear basis functions associated with the vertices of K and

0;; is the Kronecker delta function. Matrix B is symmetric and positive definite.
Moreover, by direct calculation it can be found that the eigenvalues of B are \; =

1
d—il and AQZ"':AdJ,_l = m Thus,
1 A 1
— I <B< —1I
drDd+2) "= ar1
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3.1. Condition number of the mass matrix. Consider the global mass matrix

B = (Bij)a Bij = /Q ¢l¢] d:z:, Z,] = 1, . 7N'Ui-

Notice that

2 _ 2|K] 2w
ng—/ﬂqudw—mw / ¢j de = =, 2 @EDETY - @EDds)

where w; is the element patch associated with the j*® vertex and |w;| is its volume.
The following theorem gives lower and upper bounds on the condition number
of the mass matrix for any dimension and any mesh.

Theorem 3.1 (Condition number of the mass matrix). The condition number of
the mass matriz for the linear finite elements on a simplicial mesh is bounded by

(8)

Proof. For an element K, let uy be the restriction of the vector w on K and By
the element mass matrix. Then,

D 1
T T § T . E 2
u” Bu = E ugBrukg = |K|ui Bug < d+1 | K| ||UK||2
KeTh KeTn KeTh

max; Bij  (B) < (d+2)

Hllnj Bjj

Inan Bjj
mlnj Bjj

Rearranging the sum on the right-hand side according to the vertices and using (),

d+2
WBu< = 3K |HuKn2—dHZu2| vl = = YUy,
KGTh J

which implies
d+2
Amax(B) S % HlJE_lX Bjj-
Similarly, we have

1 1
J
Moreover, it is easy to show that
Amax(B) > max Bj; and Ayin(B) < min Bj,.
J J
Combining the above estimates gives

d+ 2
max Bj; < Amax(B) < %maxB”,
j J

1
5 min Bjj S )\min(B) S mjn Bjj7
J J

from which the estimate (@) follows. O
From (), Theorem [B] implies

|WmaX‘ |wmax‘
9 < d+2
(9) - K(B) < (d +2) Pk
where |wmax| = max; |w;| and |wmin| = min; |w;|. If the mesh is almost uniform,

then |wmax|/|wmin] = O(1) and x(B) = O(1). On the other hand, |wmax|/|Wminl
and x(B) can become large for nonuniform meshes.
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3.2. Relation to the estimates in the literature. If we denote the maximum
number of mesh elements in a patch by ppnax, then

‘Kmin‘ §|Wj| Spmax|Kmax‘7 VJ:L,NM
and estimate (@) implies
| K'max|
‘Kmin‘ ’

which is the bound obtained by Fried [7, inequality (24)].
Moreover, for an isotropic mesh,

| K max]| o he | K inin| o< he

max? min?

(10) #(B) < (d+ 2)pmax

where hyax and hpi, are the largest and smallest element diameters. Substituting
this into ([I0) gives

(11) w(B) < O(hm“)d,

hmin

which is precisely the standard estimate found in the literature (e.g., [6, Rem. 9.10]).

For anisotropic meshes, on the other hand, the new estimate (@) is much tighter
than both Fried’s estimate (I0) and the standard estimate (III), since large
| Kimax|/ [ Kmin| and hmax/hmin do not necessarily imply large |wmax|/ |wmin| for
those meshes!] Furthermore, estimate (@) also provides a tight lower bound, which
is not available with (I0) and (ITI).

3.3. Diagonal scaling for the mass matrix. It is known [I0, Corollary 7.6 and
the following] that for a symmetric positive definite sparse matrix, scaling by its
diagonal entries (Jacobi preconditioning) is an optimal diagonal preconditioning
(up to a constant depending on the maximum number of nonzeros per column and
row of the matrix). We are interested in a bound on the condition number after
such preconditioning.

For a diagonal scaling S = (s;), similarly to Theorem Bl we obtain

QBJ

-2
i Bii

) _
max; s: < Bj; max, s
— L < w(STIBSTY) < (d+2)
min; s; Bj; min; s
and, for the Jacobi preconditioning s? = Bj;, we have arrived at the following
theorem by Wathen [19] who studies the effects of the diagonal scaling on the

condition number of the Galerkin mass matrix.

Theorem 3.2 ([19, Table 1]). The condition number of the Jacobi preconditioned
Galerkin mass matriz with a simplicial mesh has a mesh-independent bound,

K(ST'BSTY) <d+2.
Theorems[Bland B2lshow that the mesh volume-nonuniformity has a significant
effect on the condition number of the mass matrix and that this effect is completely
eliminated by the Jacobi preconditioning.

As we will see later in Section Bl diagonal scaling plays a similar role in reducing
the effects of mesh nonuniformity on the condition number of the stiffness matrix.

1For example, meshes in Figure 2] have [Kmax|/ | Kmin| = 00 but |wmax| / |wmin| = O(1).
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4. LARGEST EIGENVALUE OF THE STIFFNESS MATRIX
The following lemma is valid for any dimension.

Lemma 4.1 (Largest eigenvalue). The largest eigenvalue of the stiffness matriz
A = (Aij) for the linear finite element approximation of BVP () is bounded by

(12) mjax Ajj < /\max(A) < (d+ 1) mjax Ajj

The largest eigenvalue of the diagonally (Jacobi) preconditioned stiffness matriz
S~YAS™! has a mesh-independent bound,

(13) 1 < Amax(S7TAS™Y) < d 4 1.
Proof. First, recall that for any symmetric positive semidefinite matrix M,
1
vITMw < 3 (v" My +w"Mw), Vv,weRM.

Then, using the local indices on K, the definition of A;; from (@) and rearranging
the sum according to the vertices, we have

ul Au = / Vuy, - DVuy, de
Q

d+1
= D UKl Y (i Vi) - Di (u Vo)
KeTn iK,Jr=1
d+1

<(d4+1) D K] D (w5, V) - Dic (e Vi)

KeTy Jjr=1
=(@d+1)Y ui > |K|Ve; DkVe,

J Kew;

J
< (d -+ 1)[ull3 max Aj;.
J

On the other hand, using the canonical basis vectors e; we have
)\max(A) ZejTAej :Ajj, j:]-a"'aN'uia

and altogether we get (I2)).
Using the same procedure for a diagonal scaling S = (s;) we obtain

max(sj_QAjj) < Amax(STTAS™H < (d+1) max(sj_zAjj).
J J
For the Jacobi preconditioning we have s? = Aj;, which gives estimate (I3]). O

Remark 4.2. Bound ([I3)) can also be obtained by using the unassembled form of A
as shown in [I9, Sect. 3]. However, the analysis employed in [I9] cannot provide a
lower bound on Apin(S~tAS™!) other than the trivial one, Apin(S~1AS™!) > 0.

Although Lemma HT] gives a very tight bound on Apax(A), it does not provide
any explanation on how the mesh or the diffusion matrix affect the conditioning.
We now derive a bound on Apax(A) in terms of mesh quantities and the diffusion
matrix.
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8 L. KAMENSKI, W. HUANG, AND H. XU

Let Fx: K — K be the affine mapping from the reference element K to the
mesh element K, Fj. the Jacobian matrix of Fik, jx the local index of ¢; on K

and qng = Fk o ¢j, the corresponding basis function on K.
Using the chain rule, we have

Aji =Y |K|V¢; - DkVe,

Kew;
= K ((Fl) ™ Vi) - D ((FR) ™" Vi)
Kew;
< 30K F) T Dae (i) | 196513
Kew;
(14) <G Y IKI||(FR) T e (FR) T
Kew;

where Cj = max;, =1,...,d+1 ||@(]31K |3. Combining this with Lemma Bl yields

(15) Amax(4) < (d+1)C; max > K] H(Fk)_lDK(Fk)_THz '
Kew;

Remark 4.3. If we denote the maximum number of elements meeting at a mesh
point by pmax, then bound (IH) implies

Amax(A) < Pmax(d + 1)Cy max <|K| H(Fk)_lmK(F;f)_THQ) ’

which is comparable to the estimates mostly found in the literature (e.g., [BL[718]).
Note that both this bound and (&) are less tight than the bound ([I2).

Remark 4.4. Bound (I3)) implies that the scaling

~ —1 -T
£ =3 IKl|(Fr) " Dx(F) |,
Kew;

] j:]-a"'aN'ui

will also lead to bounds similar to (IB8) and those in Section[Bl In general, 57 > Aj;
(cf. (), although 33 = Aj;; in 1D or for a mesh that is uniform in the metric
specified by D=1 (cf. Section ).

4.1. Geometric interpretation (D = I). For the simplest case of D = I, bound
(@) has a rather simple interpretation. The quantity ||(F4) ||z can be bounded
by the reciprocal of the in-diameter Amyin x of K [I5, Lemma 5.1.2]. If we denote

— — 1
the average aspect of K by hg (i.e., hx = |K|7), then we can rewrite (IH) as
2

1 2 d—2 BK
AmaxA SCA K :CA K d .
() < Cpmax 18] () = Cymax 3 Ji1F (1)

homi homi
Kew; min, K Kew; min, K

The ratio BK/hmin,K is a measure of the aspect ratio of K. Thus, for the case of D =
I, the largest eigenvalue of A is bounded by the maximum volume-weighted element
aspect ratio of the mesh. This is consistent with the observation by Shewchuk in [I8]
where a detailed discussion on the relation between the largest eigenvalue of the
stiffness matrix and the element aspect ratio is available for the case of D = I in
d =2 and d = 3 dimensions.
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For the general case D # I, on the other hand, it is more convenient to interpret
bound (IH) in terms of the mesh quality measures introduced in [I1]. We now
proceed with this.

4.2. Mesh quality measures. The first measure is the alignment quality measure,
which can be simply viewed as an equivalent to the aspect ratio of K in the metric
specified by }D)I_{l. It is defined as

d
_ _ 2(d—1)
5t ((Fio) " Dre(Ff) ")
1
det((F) "D (Ff) ™)
and measures how closely the principal directions of the circumscribed ellipsoid of

K are aligned with the eigenvectors of D and the semi-lengths of the principal
axes are proportional to the eigenvalues [I5]. Notice that

1 < Qauip-1(K) < oo.

Qali,D*l (K) =

In particular, Q,; p-1 (K) = 1 implies that K is equilateral in the metric ]D)I_(l.

The second measure is the equidistribution quality measure defined as the ratio
of the average element volume to the volume of K, both measured in the metric
specified by ]D);(l,

‘K|D;<1’

(16) Qeq,D*l(K)

1
2 is the volume of K with respect to ]D)I_{l and

(17) Op = Z |K‘]D);(1'

KeT,
The equidistribution quality measure satisfies

1 _
0 < Qegp-1(K) <o and Y QLK) =1
KeTy,

where |K|D;(1 = |K|det(Dg)

Notice that

1
o= S K] det(Dre)F - / det(D(x)) " de = |0,
= @
as the mesh is being refined. As a consequence, o, can be considered as a constant.
4.3. Geometric interpretation (general case). Using the quality measures we
can rewrite the key factor ||(Fj ) 'Dg (Fi) " ||z as

H(F}{)_lﬂ)K(FI/()—Tuz < tr((F}{)_lﬂ)K(F;()—T)

2(d—1

) N
= Q5o (K) (|| det (D))

v

—d( ) % Q8 (1) Qe (5]

Oh

and, therefore,

o

(18)  Amax(4) < c(ﬁ)%m;»x D K] [ Qs () Qugor ()

o
h Kecw;
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Thus, Amax(A) is bounded by the maximum volume-weighted, combined alignment
and equidistribution measure of the mesh in the metric ]D);(l.

When a mesh is adapted to the coefficients of the BVP, i.e., it is uniform in the
metric D71, it will have the properties

(19) Qali,D_l(K) = 1) Qeq,D_l(K) = 1; VK € 771
and
N i _ B N 3
(20) <—> < H(F}() "Dy (Fl) TH < d(—) .
Oh 2 Ohp

Moreover, bound (I8) will reduce to
Amax(A) < ONT [wmax| -

5. SMALLEST EIGENVALUE AND CONDITION NUMBER OF THE STIFFNESS MATRIX

The approach employed in this section was originally developed by Bank and
Scott [2] for isotropic meshes. We generalize it here to arbitrary anisotropic meshes.

Hereafter, we will use C' as a generic constant which can have different values at
different appearances but is independent of the mesh, the number of mesh elements,
and the solution of the BVP.

We start with bounds on Apin(4).

Lemma 5.1 (Smallest eigenvalue). The smallest eigenvalue of the stiffness matriz
for the linear finite element approximation of BVP () is bounded from below by

1, ford=1,
N |
(1+1nu|(:i||) , ford =2,

(4,5, 080)7) " sz

(21) >\min(A) Z C1dminj\/vi1

o
o

where |K| = % |Q| denotes the average element size.
The smallest eigenvalue of the diagonally (Jacobi) preconditioned stiffness matriz
is bounded from below by

_ -1
1 K
(22) )\min(SlAsl)zCN2<Nd -y DK?D , ford=1
min Ke7—h

and

_ _ _2 1 -1 _r||% o
(23) Amin(S714S7Y) 2 ON ( — > K| (F) Pk (FR) )
min K€Th

-1
max ||(Fr) ™' D (Fr) ™" ||,

KeTy, _

L | Srey s, | | 0 frd=2
KeTy,

1, ford > 3.

Proof. Since Sobolev’s inequality is different for d = 1, d = 2 and d > 3 dimen-
sions [8, Theorem 7.10], we treat these cases separately.

Not for print or electronic distribution. This file may not be posted electronically.



Prepublication copy provided to L. Kamenski. Please give confirmation to AMS by February 6, 2014.

CONDITIONING OF FE EQUATIONS WITH ANISOTROPIC MESHES 11

Case d = 1. Let Cg be the constant associated with Sobolev’s inequality. Using
the inequality (2]), Sobolev’s inequality, and the equivalence of the vector norms,

ul Au > dyin Iuhﬁp(m
2 dminCS ‘Q|71 Sl(l)p ‘Uh|2
= dminCS ‘Q|_1 mjax u]2

Z dminCS ‘Q|_1 Nil ||'U,||§ .

Therefore, Apin(A) > Cdpmin N1
With scaling,

2.-2,2 2
. 898 . “us u
(24) w"ST'AST'u > Cdin max s; 24 > Cdin =45 = Cdumin ” ”22.
J 3 % 2555

In 1D, V¢, |k = +|K| ™" and, therefore,

D
S?:Ajj: Z |K‘v¢]DKv¢]: Z —K

Kew; Kew; |K‘

Using this in 24)) gives [22]).

Case d = 2. Consider a set of not-all-zero nonnegative numbers {ax, K € T} (to
be determined) and a finite number ¢ > 2. Let Cp, Cg, and Cy be the constants
associated with Poincaré’s inequality, Sobolev’s inequality, and the norm equiva-
lence on K , respectively. Using (2]), Poincaré’s, Sobolev’s and Holder’s inequalities
and the norm equivalence for 4y, we have

ul Au = / Vup, - DVuy, de > dmin |uhﬁfl(ﬂ)
Q

dminCP 2
H‘—C ||uh||H1(Q)

> dmlnCPCS 1

> S unley
2
dminCPCS 1 j : q !
= sy — — u q
1 + CP q (KETh H hHL (K)

_q—2 a=2

=2 2
q L q q
K€7—h KeTy, KeT
g2
dmmCPCS qqz ! 2
Z = 1+Cp q( OK Z ag lunllze k)

dmlnCPCS
T 1+Cp ¢

KeTy, KeTy,

dmmCP CS

B aK ) S ax (K[ lanllFa )

KeTy
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12 L. KAMENSKI, W. HUANG, AND H. XU
_a=2
q
> dmmCPCSCf(l q%g K % | |2
Z T 1i0r 1 o ak [K[ [|ukll;
P KeTy KeTy,

_a=2
ApinCpCsCr 1 9 ¢ 2
e LI D P

KeTn J Kew;

The choice ax = \K|_% yields

_a=2
1 2 q
ul Au > Cdmin—< g |K| q22> E u?
q -
J

KeT

and, therefore,
_g=2
2 q
>\min(A) Z Cdminq1< Z K|ﬁ>

KeTh
q—2

> Odping ™' (N|Kmin|7é) ’
(25) = ClpinN 1 [q 7 (N | K]} 7]

The largest lower bound on (2H) is obtained for ¢ = max {2,

C
> .
p || R yln(N|Kmin|)|

In(N [Kumia)|} with

1 2
q (N |Kmin‘) ?

The choice ¢ = 2 is viewed as the limiting case as ¢ — 27. Estimate (ZI)) follows
from this, ([25) and the definition of the average element size.
With scaling, we have

_a=2
1 2 ¢ 2
ul S TASlu > Cdmin—< E a}’(2> E ufs]_2 E oK \K|§ .
q -
J

KeTy Kew;
For the Jacobi preconditioning 5? =A; = EKij V¢;-DgVe; we choose
, 4+l , 4+l .
a=2 a=2 ~AoA 1 T A
ak =|K['T > Véi DV, =|K|'T Y Vi, (Fi) Di(F) " Vi,
ie=1 ire=1
which gives
552 Z aK|K\§ >1
Kew;
and
ax < (d+1)C;

KT || ) () 77|

where C¢; = maXiK:L..A,dHH@(/BiK||2- With these and choosing the value for the
index ¢ in a similar manner as for the case without scaling we obtain (23).

Case d > 3. This case is very similar to case d = 2. Again, from (), Poincaré’s,
Sobolev’s and Hélder’s inequalities and the norm equivalence for 4, we have
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dminCP 2
“1+Cp HuhHHl(Q)
dminCPCS
> 2 |
1 +Cp Ld

_dminCPCS' dz—,dz
el 5 i

KeTh
_ dminCPCS Z
1+Cp KeT;
> dminCPCS
- 1+Cp

>
_ dminCPOS
T 1+40Cp ( Z

KeTy,
KeTn

2
/QVuh -DVuy dx > dnin \uh|H1(Q)

= (@)

d—2

—d
: (K))

KeTn

)

2
a —d
a%) > ok Junll® 2o
KeTy,

(Z HUth

KeTn

L d— Z(K)

2
—-a
d
a%) > ax [K|T Huhll
KeTh

AminCpCsC 4\’ L2 2
= 1+Cp K(ZO‘K> Y ax K[ |lukl;

KeTh KeTh
2
dminCPCSCA 4 ‘
_ K 2
= | ek ) D Y exIKlT
P 3
KeTy J Kew;
gives

KeTy

>_%Zu§.

J

d—2
d
)>

Estimate (2I) follows from this and the definition of the average element size.

The bound for the scaled stiffness matrix is obtained by choosing

Combining Lemma ET] estimate (IH) and Lemma [B] we obtain upper bounds
on the condition number of the stiffness matrix and the scaled stiffness matrix.

Theorem 5.2 (Condition number of the stiffness matrix).
of the stiffness matriz for the linear finite element approximation of BVP () is

d+1

ak = K[ 3 Vi, - (Flo) "D (Fi) " Vi

i =1

bounded by

(26)

and

w(A) < CN2

mlIl

maxZDK‘K| ford=1
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lez T
97) K(A) < CN3 K H (FI) "D (F H
21) w(4) < ‘f(dmmm“;" 0 D (F) 7|
14+1In ‘I‘(ml‘nl’ ford =2,
K
(% > (%) > , ford>3.
KeTy

The condition number of the diagonally (Jacobi) preconditioned stiffness matriz
is bounded by

(28) r(STTASTY) < ON2 > D |K| ford=1

i KeT

and

N
vl

(29) K(ST'ASTH <CON

2
d
T
(Nd"’ E |K‘H Fy) DK(FK) H2>
in KETh

max ||(Fr) ™D (Fr) ™" |,

KeTy,
Lt I S eeaoT, |0 rd=2

KeT},

X

1 ford > 3.

3

We now study the geometric interpretation of the bounds.

5.1. Geometric interpretation (without scaling). Bounds ([26) and (27) con-
tain three factors, a base bound CN %, a factor reflecting the effects of the mesh
nonuniformity measured in the metric D=! (mesh D-nonuniformity), and, if d > 2,
a factor reflecting the effects of the mesh nonuniformity in volume measured in the
Euclidean metric (volume-nonuniformity).

The first factor N4 corresponds to the condition number of the stiffness matrix
for the Laplacian operator on a uniform mesh (cf. Special Case B below).

The second factor

Nl-id

2
-T
Y e 3 ot

wj

reflects the effects of the mesh D-nonuniformity and can be understood as a volume-
weighted, combined alignment and equidistribution quality measure of the mesh
with respect to D=1 (cf. Section EJ).

The third factor in (27]) is

1—%—11(1“,‘(?“7 for d = 2,

g\ 2!
<% K%:Th (%) , ford>3.

It measures the effects of the mesh volume-nonuniformity (measured in the Eu-
clidean metric) on the condition number. Notice that there is no effect in 1D
and in 2D it is minimal. In d > 3 dimensions the factor is proportional to the

N
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142

average of | K| 13 over all elements. This is a significant improvement in compar-

ison with previously available estimates which are proportional to |Kmin|71 [6] or
_1+%

‘Kmin| [7]

5.2. Geometric interpretation (with scaling). Bounds ([28) and (29) for the
scaled stiffness matrix have the same base bound as without scaling. Hence, diag-
onal scaling has no effect on the condition number when the mesh is uniform and
D=1

Unlike (21), bounds (28)) and ([29) do not have the third factor which involves
only the element volume (in comparison to the second factor which couples (F' [’f)*l
with D™1). In this sense, a properly chosen diagonal scaling can eliminate the effects
of the mesh volume-nonuniformity on the condition number. Moreover, scaling can
also significantly reduce the effects of the mesh D-nonuniformity. Indeed, the factors
in ([28) and (29) that couple (Fj)~" with D! are asymptotically the Lmax{l’%}(ﬂ)
norm of H(F[’{)*lID)K (F;{)iTHQ whereas the corresponding factors in (26) and (21
are basically the maximum norm.

Furthermore, the D-related factor in (29)) for d > 2 can be rewritten in terms of
the alignment quality measure Q4; p-1 from Section as

-T 1
B0 Y K0 Dm0 ] <t Qi () det(m).
KeTy KeTn

Thus, the dependence of this D-related factor on the element volume is also mild:
both Qi p-1(K) and D (the average of D over K) are invariant under the scaling
transformation of K.

The following special cases are instructional to understand the interplay of the
factors for different types of meshes.

Special Case 5.1 (Uniform meshes). For a uniform mesh and D = I, bounds
(26) - (29) yield
k(A) <CN7 and k(ST'AS™') < CN7,

which is the base bound. Hence, the diagonal scaling has no effect on the condition
number when the mesh is uniform and D = I.

Special Case 5.2 (Isotropic meshes, D = I, d > 2). For an isotropic mesh and
D=1,

—1 -T _
K| ~h%  and H(FI;) D (FL) HQNth.
Therefore,

1 1 s _ 1 _
+ 2 K| F) k(P T s 5 3 mkht =1
KeTy, KeTy,

and bound (29) reduces to

K| _
(31) (S—1as—y < ond Py ford =2,
1, for d > 3,
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which is precisely the result of Bank and Scott |2 Theorems 4.2 and 5.2]. In this
case, the diagonal scaling becomes

1 1

1 ? \® a2

Sj—(Ajj)2—<Z|KV¢j'V¢j> N(Z hfrl(2> ~h?,
Kew; Kew;

where h; denotes the average length of the elements around the 5t vertex. This
scaling is equivalent to the change of basis functions

2-d
¢j = h;* @,
which is used in [2| Example 2.1].

Special Case 5.3 (Uniform meshes with respect to D™1). For a mesh that is
uniform with respect to D1, i.e., coefficient adaptive, we have properties ([I9) and

20). Bounds (28)—(29) reduce to

C N wIIlaX N
) s Sl ()

1, ford=1,

1—|—1n|[|{[(4|‘7 for d = 2,

v

for d > 3,

/N
=z~
=
m
:ﬂM
A
ESES
~——
X
~
[SAIN)

o

k(STTASTh < ¢ (ﬁ) , ford>1,

min \ Oh
where oy, is defined in () and corresponds to the volume of the domain in the
metric specified by D~!. Thus, the condition number of the scaled stiffness matrix
for a coefficient adaptive mesh has the optimal order of O(N %).

Special Case 5.4 (Aligned meshes, d > 2). For meshes aligned with the diffusion
matrix but not necessarily fully coefficient adaptive (i.e., isotropic but not uniform
with respect to D~!) we have

Qali,D*l(K) =1 but Qeq,D*l(K) # 1.
From (B0), bound (29)) becomes

[N

[Kmin]’
1, for d > 3.

2 _
Ni (1 Tf14m AL ford=2
(S71AS™) < 0[S det(Di) o or & =2,
dmin N
KeTh

Aside from the term depending on det(D), this bound is equivalent to (B1I). Hence,
the diagonal scaling almost eliminates the effects of the mesh on the condition
number for D-aligned meshes.

Special Case 5.5 (General M-uniform meshes). Finally, let us consider general
M -uniform meshes, i.e., meshes that are uniform in the metric specified by a given
metric tensor M which does not necessarily correspond to D~'. In the context of
mesh adaptation, an adaptive mesh is typically generated based on some estimate
of the solution error and the associated metric tensor M is solution dependent.
Thus, it is of interest to know what the impact of a given M on the conditioning
of the stiffness matrix is. Recall [I3] that an M-uniform mesh satisfies

%
<F;(>T<F;(>1—( N ) My,
Oh,M
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where Mg is some average of M on K and oy 5 is defined as in ([7) but with D
replaced by M. We have

2
_ _ N \4
Jrr D™, < (5 ) Il
2 Oh. M

)

and, therefore,

_ _ C N \7 2\
k(STTAS 1)gd—( ) <Z K| IIMKDKII5> :

i g
min h,M KeTs

Hence, the bound on the condition number after diagonal scaling for an M-uniform
mesh depends only on the volume-weighted average of | MgD K||g/ % or, asymptoti-
cally, the L%? norm of | M D||,. For many problems such as those having boundary
layers and shock waves, mesh elements are typically concentrated in a small portion
of the physical domain. In that situation, we would expect that M differs signif-
icantly from D~! only in small regions. As a consequence, the volume-weighted
average of | M K]D)KHS/ ? over the whole domain may remain small and, therefore,
the condition number of the scaled stiffness matrix for anisotropic adaptive meshes
does not necessarily increase as much as generally assumed.

This effect can be observed in Examples and Figures Bal and Ha] show
that the effects of anisotropic adaptation are completely neutralized by the diagonal
scaling when the number of anisotropic elements is small in comparison to N.

6. NUMERICAL EXPERIMENTS

In this section we present numerical results for a selection of one-, two-, and
three-dimensional examples to illustrate our theoretical findings.

Note that all bounds on the smallest eigenvalue contain a constant C. We obtain
its value by calibrating the bound for Ay, (S™1AS™1) with Delaunay (Example [6.4])
or uniform meshes (all other examples) through comparing the exact and estimated
values. For the largest eigenvalue we use explicit bounds ([I2]) and ([I3)).

First, we give examples with predefined meshes to demonstrate the influence of
the number and shape of mesh elements on the condition number of the stiffness
matrix and to verify the improvement achieved with the diagonal scaling. For the
tests, we employ the Laplace operator (i.e., D = I') and a mesh on the unit interval,
square, and cube, for 1D, 2D, and 3D, respectively.

Example 6.1 (d = 1, D = I, Chebyshev nodes). For a simple one-dimensional
example we choose a mesh given by Chebyshev nodes in the interval [0, 1],

(32) xi—%<1—cos;rgj2vz—_11))>, i1=1,...,N -1

The exact condition number of the stiffness matrix and its estimates (26) and (28])
are shown in Figures [[al (without scaling) and [[B] (with scaling) while those for the
extreme eigenvalues and their estimates are given in Figsures [[d (without scaling)
and [Id] (with scaling).

Figure [[al shows that the estimate (26) is much sharper than the standard es-
timate with Apin(A) ¢ [Kmin|- The former has the same asymptotic order as the
exact value as N increases, whereas the latter is too pessimistic and has a higher as-
ymptotic order. The difference is caused by the estimate of the smallest eigenvalue
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T T T
—— (A) estimate (standard) —— k(STIAS™!) estimate
1010 |- —&— K(A) estimate -1 10%° f—n(S*IASfl) N
— k(A) exact
108 |- 110% [ 2
10° 1 1 10° | 8
10% [ 110t .
10% - 1 10% | 3
107 | | | ] 107 | | i
10" 10° 10" 10°
Condition number Condition number after scaling
T |
10° |- 1 10° == Amax (S~ AS™!) estimate |
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10* |- 1 10t | — Amx(sjASj) a
. >\min TCAST
102 [ . 102 [ (S ) |
0l @lg===-_ N 0| e=e e—e—s—=o o |
10 g@:"“e:@:—d--__ 10 ST .
10_27 Amax\~A~~,5 .O-—.o_:b a10_27 n‘o:\~~\‘ 1
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10~4 | —— Amax estimate  T2~_, -1 10~4 | O g T
- ©- Amin estimate T~A ~e.
1076 | - A~ Amin estimate (standard) H110-6 | ‘ ‘ o |
10* 10? 10* 10?
Extreme eigenvalues Extreme eigenvalues after scaling

FIiGURE 1. Example Exact and estimated condition number
and eigenvalues of the stiffness matrix as a function of N (d = 1)

(Figure[Id). Notice that the estimates on the largest eigenvalue are very tight, both
for the scaled and the unscaled cases.

The results clearly show the benefits of diagonal scaling: the order for the con-
dition number of the scaled stiffness matrix in Figure [Hl is O(N?1In N), which is
almost the same as for uniform meshes, whereas that without scaling in Figure [Ial
is O(N3). It can be shown analytically that the orders of the nonuniformity factors
in (26) and (28] for the Chebyshev nodes defined with [82)) are O(N) and O(In N)
and those of the corresponding condition numbers are O(N3) and O(N?1n N).

Thus, the numerical and theoretical results are consistent and the improvement
by diagonal scaling from the maximum norm to the L? norm is significant in this
example.

Example 6.2 (d = 2, D = I, anisotropic elements in a unit square). For this
2D example we use a mesh for the unit square [0,1] x [0,1] with O(N'/2) skew
elements, as shown in Figure 2al First, we fix the maximum aspect ratio at 125 : 1
and increase N to verify the dependence of the condition number on N (Figure Bal).
Then, we fix N at 20,000 and change the maximum aspect ratio of the mesh elements
to investigate the dependence of the conditioning on the mesh shape (Figure [3H]).
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Figure [Bal shows the averaging effect of the diagonal scaling: the scaling sig-
nificantly reduces the condition number and, when N becomes large enough, the
conditioning of a scaled system is comparable to the condition number on a uni-
form mesh. Moreover, the estimated value of the condition number with or without
scaling has the same order as the exact value as N increases.

Figure 3Bl provides a good numerical validation of (2)), namely that the condition
number of the unscaled stiffness matrix is linearly proportional to the largest aspect
ratio With scaling, the condition number is still increasing with an increasing
aspect ratio, since the average aspect ratio is also increasing (in accordance to
[29)). Nevertheless, the condition number after scaling is smaller by a factor of 10.

Figure [3bl also shows that our estimate of the condition number with scaling has
the same (linear) order as the exact value as the maximum aspect ratio increases,
whereas the bounds for the unscaled case has a slightly higher order. This indicates
that the estimation can be further improved.

As for the estimates on the extreme eigenvalues, the results are mainly the same
as in Example For this reason, we omit them in 2D and 3D to save space.

Example 6.3 (d = 3; anisotropic elements in a unit cube). In this example, we
repeat the same test setting as in Example fixed anisotropy (25 : 25 : 1) with
increasing number of elements (Figure fal) and a fixed N = 29,478 paired with the
changing anisotropy of the mesh (Figure @h). The results shown in Figure @ are
essentially the same as in 2D. Since the mesh used in this example has a larger share
of skew elements (O(N~'/3)) than the mesh used in Example (O(N=1/2)), it
is reasonable to expect that the averaging effect of diagonal scaling is less effective.
This can be seen in Figure @] where the exact condition numbers with and without
scaling stay closer than in Figure Bl

Figure @ shows that the bounds on the condition number with and without
scaling have the same asymptotic order as the exact values as N increases. However,
they have higher orders as the maximum aspect ratio increases for a fixed N. As in
the previous example, this indicates that the estimation can be further improved.

In the next example, we consider an adaptive finite element solution of an
anisotropic diffusion problem with different meshes.

Example 6.4 (d = 2, adaptive anisotropic meshes). Consider an anisotropic dif-
fusion problem studied in [I6}[17]. It takes the form of BVP () but with a non-
homogeneous Dirichlet boundary condition. The domain and its outer and inner
boundaries T’y and Ty, are shown in Figure Bal The coefficients of the BVP, the
right-hand side and the boundary data are given by

__(cos®yp —sinzp) (1000 O costy  siny .
(33) D= (sinw cos ) ( 0 1> (—sinw cosy )’ ¥ =msinzcosy,
45
9’9
We employ an adaptive finite element algorithm from [I41[16] to compute the
numerical solution and adaptive meshes. The algorithm utilizes the M-uniform

mesh approach, i.e., meshes are generated as quasi-uniform in a given metric M.
For the mesh generation we use the bidimensional anisotropic mesh generator [9).

2
f:OinQ_(O,l)Q\{ ] g=0onToy, ¢=2onT.

2In 2D with D = I, the nonuniformity term in (27 is equivalent to the aspect ratio.
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O(N?/?) skew elements
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FIGURE 2. Predefined meshes for (@ Example and (b)) Example 6.3
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Ficure 3. Example Condition number before and after scal-
ing for a predefined 2D mesh (Figure 2a)) as a function of (@) the
number of mesh elements and () the maximum element aspect

ratio
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FIGURE 4. Example Condition number before and after scal-
ing for a predefined 3D mesh (Figure Rh)) as a function of (@) the
number of mesh elements and (b)) the maximum element aspect

ratio
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I:l Fin Fout ’

u=20

Boundary conditions Numerical solution

FIGURE 5. Example Boundary conditions and a numerical solution

A Delaunay mesh—our first example (Figure Ba)—is M-uniform (or M-quasi-
uniform) with respect to M = I. The second mesh (Figure [6D) is purely coefficient-
adaptive and is defined as an M-uniform mesh with respect to D!, ie., M =
D~!. The third mesh (Figure [6d) is a purely solution-adaptive mesh where M =
M (up,) depends on the numerical solution uy, (or, more precisely, on the hierarchical
basis error estimate ep). The fourth mesh (Figure [6d]) represents a combination of
adaptation to both the solution and the coefficients of the problem and the metric
is defined as M = 0(e,)D~1, where 6(ey,) is a scalar function depending on the error
estimator ep. With such choice the shape of mesh elements is determined by the
diffusion matrix while the size is controlled by the estimate of the solution error.

From Figure [6] we can see that the smallest condition number among all four
meshes is with the purely coefficient-adaptive mesh (Figure [6B)), which is consistent
with Special Case[5:3l The conditioning is better than in the case of a quasi-uniform
mesh (Figure Bal), confirming the observation that, depending on the problem, a
quasi-uniform mesh is not necessarily the best mesh from the conditioning point
of view. For both cases, diagonal scaling does not improve the condition number
significantly. This is expected since both meshes are almost volume-uniform. To
explain why the mesh in Figure [6Dlis (almost) volume-uniform, we recall from (8]
and (@) that an M-uniform mesh with respect to D! satisfies

|K| ~\/det(Dg), VK € Th.

The diffusion matrix D in B3] satisfies det(D) = 1000. Thus, |K| = const.

The largest condition number is in the case of the purely solution-adaptive mesh
(Figure [6d). This is because the mesh is not volume-uniform and its elements are
not aligned with D~!. Since the mesh is far from being uniform in size, scaling will
have a significant impact, as can be verified in Figure 6¢t the condition number
after the scaling is even smaller than the condition number with Delaunay meshes.

Conditioning with a mesh that is both coefficient- and solution-adaptive (Fig-
ure [6d) is not as good as in the case of the purely coefficient-adaptive mesh but
better than in the case of the purely adaptive and Delaunay meshes.

In all four cases we observe that the developed estimates for the condition number
of the stiffness matrix are reasonably tight and have the same order as the exact
values as N increases for both unscaled and scaled cases.
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7. SUMMARY AND CONCLUSIONS

Mass matrix. Our new estimate (8) of the condition number of the Galerkin mass
matrix is tight within a factor of (d + 2) from both above and below for any mesh
with no assumptions on mesh regularity or topology. It this sense, it is optimal and
truly anisotropic.

Stiffness matrix. Lemma 1] provides an estimate of the largest eigenvalue of the
stiffness matrix which is simple to compute and is tight within a factor of (d + 1)
from both above and below for any mesh. This is in contrast to many existing
estimates which are proportional to the maximal number of elements meeting at a
mesh point.

New bounds (2I)—(23)) on the smallest eigenvalue and (26)—(29) on the condition
number of the stiffness matrix are a significant improvement in comparison to the
previously available estimates.

First, the new bounds show that the conditioning of the stiffness matrix with an
arbitrary (anisotropic) mesh is much better than generally assumed, especially for
d=1and d=2.

Second, the new bounds are truly anisotropic and valid for any mesh since no
assumptions on the mesh regularity were made.

Third, bounds (26) and (27) reveal what affects the conditioning. There are
three factors. The first (base) factor CN@ describes the direct dependence of the
condition number on the number of mesh elements and corresponds to the condition
number for the Laplace operator on a uniform mesh. The second factor describes
the effects of the mesh D~ '-nonuniformity, i.e., the interplay between the shape and
size of mesh elements and the coefficients of the BVP. It is O(1) for a coefficient-
adaptive mesh, i.e., a mesh satisfying (I9). The third factor measures how the mesh
volume-nonuniformity further affects the condition number. It has no effect in 1D,
a minimal one in 2D, and a substantial effect in 3D and higher dimensions. This
means that even if the mesh is coefficient-adaptive and the second factor is O(1),
the mesh volume-nonuniformity can still have a significant impact on the condition
number for d > 3.

Fourth, a simple diagonal scaling, such as the Jacobi preconditioning, can signifi-
cantly improve the conditioning. Bound (29]) for the condition number after scaling
does not contain the factor for the mesh volume-nonuniformity. As a consequence,
for a coefficient-adaptive mesh, this bound reduces to the base factor CN . In this
sense, diagonal scaling eliminates the effects of the mesh volume-nonuniformity. It
can also significantly reduce the effects of the mesh nonuniformity with respect to
D~!: the influence reduces essentially from the maximum norm to the prax{Lg}
norm of [|(Fg) " 'Drc(F) o

Moreover, for a preconditioner that is invariant to diagonal scaling it follows that
the condition number of the preconditioned stiffness matrix is typically smaller than
k(S7L1AS™) which in turn has a much lower bound than x(A) (cf. 27) and 29)).
For example, consider an incomplete Cholesky decomposition of A,

A=LLT +E.

It follows that
ST1AS L = (S7'L) (S7'L)" + SLES !

Not for print or electronic distribution. This file may not be posted electronically.



Prepublication copy provided to L. Kamenski. Please give confirmation to AMS by February 6, 2014.

24 L. KAMENSKI, W. HUANG, AND H. XU

is actually an incomplete Cholesky decomposition of S™*AS~! since S~'L has the

same sparsity pattern as L. Then from the identity

LA = (S7'n) 7 (57tAS Y (5L T

we see that the preconditioned matrix of A with preconditioner L is equivalent to
the preconditioned matrix of S~'AS~! with preconditioner S™'L. As a result, the
performance of the preconditioning technique on A is the same as that on S~*AS~1!,
which has a much smaller condition number than A. Although there is no estimate
yet on the condition number of the preconditioned system, the above observation
may provide a partial explanation for the good performance of ILU preconditioners

with anisotropic meshes observed in [12].

Numerical experiments (Figures Bal and Hal) indicate that although the new
bounds have the same order as the exact value as the number of elements increases,
they may have higher asymptotic orders than the exact value as the element aspect

ratio increases. These may deserve further investigation.

Finally, we would like to point out that although the study in this paper has
been done specifically for the linear finite element discretization, the approach can

be generalized for higher order finite elements without major modifications.
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